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We study the Gregory-Laflamme instability of a 5-dimensional slowly rotating black string
in which the 4-dimensional section is described by the Kerr black hole. We treat the rotation
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2I. INTRODUCTION
The Gregory-Laflamme(GL) instability is an s-wave instability for black p-brane solutions [1, 2].
This instability is often quoted in the context of gravitational instabilities of black objects. For in-
stance, the gravitational instability of ultra-rotating Myers-Perry(MP) black holes can be regarded
as the one similar to the GL instability [3]. The nonlinear dynamical evolution of the GL instability
has been numerically simulated in Ref. [4] but as for the final state it is still under discussion. From
view points of the membrane paradigm [5] or field theory/gravity correspondence [6–8], dual or
analog fluid models of a black string and the GL instability have been attracting much attention
in recent years [9–11].
For the deeper understanding of gravitational instabilities and the duality with fluid models,
it is useful to investigate responses to the variation or addition of physical parameters such as
the electric charge, the number of dimensions and so on. One of the most fundamental and
straightforward extension is to add rotation. In this paper, we consider the (D+1)-dim spacetime
given by
[D−dim MP black hole]× R , (1)
and in particular focus on the D = 4 case. We call these spacetimes MP black strings for D > 4
and the Kerr black string for D = 4.
Effects of rotation on the GL instability have been discussed by several authors [3, 10, 12].
The results of these previous studies suggest that, in general, rotation makes the GL instability
stronger. We briefly summarize the known facts about the effects of rotation on the GL instability
or instabilities on dual/analog fluid models.
• Ultra-spinning MP black strings [10]
When we consider the case of D > 5 and only one rotational axis, the angular momentum of
the MP black hole is unbounded. For a very large angular momentum, the metric reduces
to [13]
[D−dim MP blackhole]× R ∼ [(D − 2)−dim Schwraschild]× R3. (2)
Since this is precisely the geometry considered by Gregory and Laflamme [1], it is unstable.
Therefore, we can expect that the GL instability persists even if rotation is added.
• Co-homogeneity-1 MP black strings
MP black holes with all the angular momenta being equal in magnitude have the co-
homogeneity-1 geometry (ie, the hypersurface of a constant radial coordinate is homo-
geneous) in odd dimensions. Therefore, when we consider the geometry given by [co-
homogeneity-1 MP]×R, it also has the co-homogeneity-1 symmetry in D dimensions as in
the case of non-rotating black strings. We call these spacetimes co-homogeneity-1 MP black
strings. In Ref. [12], from an analysis of stationary perturbations on co-homogeneity-1 MP
black strings, it was predicted that the GL instability persists until extremality. In Ref. [3],
the dispersion relation of the instability was numerically calculated and the prediction in
3Ref. [12] was confirmed. The threshold wavelength and the instability time-scale become
shorter as the rotation increases, that is, rotation makes the GL instability stronger for
co-homogeneity-1 MP black strings.
• Rayleigh-Plateau instability[14]
The Rayleigh-Plateau instability in a rotating fluid tube was discussed in Ref. [14] as a
system dual to an MP black string. It is reported that the instability strength and threshold
wavenumber increase as the rotation increases.
• Self gravitating cylinder [15]
We can find a similar destabilizing effect of rotation on a self-gravitating cylinder in the
4-dimensional Newtonian gravity [15].
In this paper, we consider the Kerr black string with D = 4. In this case, since Kerr black hole
is not co-homogeneity-1, it is very difficult to solve full perturbation equations. Thus, we treat the
rotation in a perturbative way by introducing a small parameter representing the rotation, that
is, we consider only slow rotating black strings. We find that the rotation in the present case also
makes the GL instability stronger.
This paper is organized as follows. In Sec. II, we give a thermo-dynamical prediction comparing
the entropy of a Kerr black string with that of a 5-dim MP black hole. Equations for the metric
perturbations to second order in the rotation parameter are derived in Sec. III and the results
of the numerical calculation are presented in Sec. IV. Some messy expressions are deferred to
Appendices B and C. A minimum review of spherical harmonics is given in Appendix A. We set
the D + 1-dimensional gravitational constant and the speed of light equal to unity.
II. THERMODYNAMICS
First, we discuss the instability of stationary black objects from the thermo-dynamical point of
view. We consider a Kerr black string with the length L along the z-direction and compare this with
the 5-dimensional MP black hole which has the same total mass and the angular momentum as the
Kerr black string. Since the horizon area is regarded as the entropy in black hole thermodynamics,
if the horizon area of the Kerr black string is smaller than that of the MP black hole, the Kerr black
string is thermodynamically less favorable than the MP black hole. Then, it is expected that the
Kerr black string becomes unstable to a perturbation with the wavelength L along the z-direction.
The metric of a Kerr black string is written in the form,
ds2 = −△− a
2 sin2 θ
Σ
dt2 − 2a sin2 θr
2 + a2 −△
Σ
dtdφ
+
(r2 + a2)2 −△a2 sin2 θ
Σ
sin2 θdφ2 +
Σ
△dr
2 +Σdθ2 + dz2, (3)
where 0 ≤ z ≤ L with z = 0 and z = L being identified, and
Σ = r2 + a2 cos2 θ, (4)
△ = r2 − 2Mr + a2 = (r − r+)(r − r−). (5)
4The z =const., 4-dimensional section is given by the metric of a Kerr black hole. The tonal mass
E and the total angular momentum J of the Kerr black string are given by
E = LM , J = Ea . (6)
The horizon area is given by
ABS
E3/2
=
4π(r2+ + a
2)L
E3/2
= 8π
1
l
(
1 +
√
1− j2l2
)
, (7)
where l and j are non-dimensional quantities defined by
l =
L
E1/2
, j =
J
E3/2
. (8)
The metric of an MP black hole with single rotation can be written as
ds2 = −dt2 + MMP
Σ
(
dt2 − aMP sin2 θdφ
)2
+
Σ
△MPdr
2
+ Σdθ2 + (r2 + a2MP) sin
2 θdφ2 + r2 cos2 θdw2, (9)
where
△MP = r2 + a2MP −MMP . (10)
The total mass and the angular momentum are given by
E =
3
8
πMMP , J =
2
3
EaMP . (11)
The horizon area is given by
AMP
E3/2
=
2π2MMPr0
E3/2
=
16
3
π
√
8
3π
− 9
4
j2 , (12)
where we have assumed MMP > a
2
MP and r0 is the horizon radius given by
r0 =
√
MMP − a2MP . (13)
We define the critical length Lcrit by the equality of the horizon area, that is,
ABS = AMP for L = Lcrit. (14)
Then, fixing the total mass E, we find
 ABS ≥ AMP for L ≤ LcritABS < AMP for L > Lcrit , (15)
where
Lcrit√
E
=
3
√
3π
16
√
32− 27j2π =: lcrit. (16)
Hence we expect that Kerr black strings are unstable against a perturbation with the wavelength
L > Lcrit. The fact that the value of lcrit is a decreasing function of j suggests that the critical
wavelength of the GL instability becomes shorter, and hence the critical wavenumber µcrit becomes
larger if we add rotation. In the subsequent sections, by calculating the metric perturbations
explicitly, we confirm this observation.
5III. PERTURBATION EQUATIONS
To avoid all possible complexities due to the coordinate singularity on the horizon, we use the
metric in the Kerr-Schild coordinates given by
ds2 = −△− a
2 sin2 θ
Σ
dv2 + 2dvdr − 2a sin
2 θ(r2 + a2 −△)
Σ
dvdχ− 2a sin2 θdχdr
+
(r2 + a2)2 −△a2 sin2 θ
Σ
sin2 θdχ2 +Σdθ2 + dz2. (17)
In Einstein gravity, the vacuum field equations are given by
Rµν = 0 . (18)
Here, we consider linear metric perturbations on the Kerr black string background. The metric
may be decomposed as
g = g(0) + hˆ+ · · · , (19)
where g(0) is the metric of the Kerr black string.
Imposing the transverse traceless gauge condition,
∇µhˆµν = 0, hˆµµ = 0, (20)
we can rewrite the metric perturbation equations as
△Lhˆµν := ∇2hˆµν + 2Rµ να βhˆαβ = 0 , (21)
where △L is the so-called Lichnerowicz operator.
As in the analysis of the original GL instability, we assume
hˆµz = 0 , hˆzz = 0 . (22)
Performing Fourier expansion along the symmetric spatial directions, we have
hˆab = ei(µz+mφ)eΩvhab(r, θ), (23)
where the subscripts a and b indicate the coordinates (v, r, θ, χ) and we have assumed that the
frequency is pure imaginary as in Ref. [3]. Hereafter we concentrate on the m = 0 case. The
assumption of a pure imaginary frequency is correct for the non-rotating case [1]. In our case, the
validity of this assumption may be supported by the existence of such a solution. The equations
of motion can be rewritten as
(△Lhˆ)ab = −µ2hˆab + (Lhˆ)ab = 0 ⇔ − µ2h˜ab + (Lh˜)ab = 0, (24)
where
h˜ab := eΩvhab (25)
6and L is the Lichnerowicz operator in the Kerr spacetime. Gauge conditions are given by
∇ah˜ab = 0 , haa = 0 . (26)
We solve these equations as an eigenvalue problem for µ with a fixed Ω.
As mentioned in Sec. I, we consider the slowly rotating case by introducing a small parameter
ǫ. We specify the deviation from the non-rotating case by
M = Mˆ + ǫ2Mˆ , (27)
a = 2ǫMˆ. (28)
In the limit ǫ → 0, the metric of a z =const. hyper-surface becomes the Schwarzschild metric.
Since
△ = (r − 2Mˆ )(r − 2Mˆǫ2), (29)
we have
r+ = 2Mˆ, r− = ǫ
2r+. (30)
In this way, the coordinate radius of the horizon is unchanged by adding the rotation. This fact
makes our analysis much simpler because the coordinate value at the horizon boundary does not
depend on the order of ǫ.
Fixing the value of Ω, we expand L, µ2 and h as
L = L0 + ǫL1 + ǫ2L2 + · · · , (31)
µ2 = µ20 + ǫµ
2
1 + ǫ
2µ22 + · · · , (32)
h˜ = h˜0 + ǫh˜1 + ǫ
2h˜2 + · · · . (33)
Since the value of µ should not depend on the direction of the rotation, we have µ21 = 0. Thus
our goal is to get the value of µ22. The equations of motion can be schematically described at each
order of ǫ as
ǫ0 : −µ20h˜ab0 + (L0h˜0)ab = 0 , (34)
ǫ1 : −µ20h˜ab1 + (L0h˜1)ab + (L1h˜0)ab = 0 , (35)
ǫ2 : −µ20h˜ab2 + (L0h˜2)ab + (L1h˜1)ab + (L2h˜0)ab − µ22h˜ab0 = 0 . (36)
In the following subsections, we find that there exist a single master variable that satisfies a
second-order ordinary differential equation at each order of ǫ. The master variables must be care-
fully chosen so that the equation can be easily solved by numerical integration. An inappropriate
choice of master variables may cause 0/0 terms in numerical integration as reported in Ref. [2].
For this reason, we treat the Ω = 0 case separately from Ω 6= 0 cases.
7A. Ω = 0 case
1. Master Equations at order ǫ0 and ǫ1
As the same as the original work by Gregory and Laflamme, we consider only s-wave perturba-
tions at order ǫ0. The metric perturbation can be written as
hab0 =


hvv0 (r) h
vr
0 (r) 0 0
hvr0 (r) h
rr
0 (r) 0 0
0 0 hθθ0 (r) 0
0 0 0
hθθ
0
(r)
sin2 θ


. (37)
Here we introduce H− defined by
H− :=
(
1− r+
r
)
hvv0 − 2hvr0 , (38)
which is found to be a good master variable at order ǫ0. Using the gauge conditions (26) and the
equations of motion (34), we can derive the second-order ordinary differential equation for H− ,
H ′′− =
(
3µ20r
2 + 2
µ20r
3 + 2r − 2r+
+
1
r+ − r
− 4
r
)
H ′− +
µ20r
(
µ20r
3 + 4r − 8r+
)
(r − r+)
(
µ20r
3 + 2r − 2r+
)H−. (39)
All the components of the metric perturbation can be expressed in terms of H−. The explicit
expressions are given in Appendix B1.
The metric perturbation at order ǫ1 is induced by the perturbation at order ǫ0 as given by
Eq. (35). The only nontrivial induced components are found to be hvχ1 and h
rχ
1 :
hab1 =


0 0 0 hvχ1 (r)
0 0 0 hrχ1 (r)
0 0 0 0
hvχ1 (r) h
rχ
1 (r) 0 0


. (40)
Defining f(r) := hvχ1 (r) as a master variable, we can derive the following equation:
f ′′ =
(
2
r+ − r −
2
r
)
f ′ +
(
µ20r
3 − 2r+
)
r2(r − r+) f + S1 ; (41)
S1 =
r+
(
3rr3+
(
µ20r
2 + 12
)− 4r2r2+ (µ20r2 + 7)+ r3r+ (µ20r2 − 12) + 12r4 − 12r4+)
2r3(r − r+)3
(
µ20r
3 + 2r − 2r+
) H ′−
+
r+
(
r3+
(
10− 3µ20r2
)
+ 2rr2+
(
µ20r
2 − 11)+ r2r+ (7µ20r2 + 6)− 2 (2µ20r5 + r3))
r3(r − r+)3
(
µ20r
3 + 2r − 2r+
) H− .
2. Master equation at order ǫ2
Equations at order ǫ2 are much more complicated than those to order ǫ1. However, as we will
see soon, we do not need to fully solve the perturbation equations to get the value of µ2. Instead
8it is enough to focus on ℓ = 0 modes in the spherical harmonics expansion. A minimal review of
tensor and vector spherical harmonics is given in Appendix A. In Eq. (36), the first and second
terms correspond to the homogeneous part of the coupled differential equations. The operator of
this part is the same as that at order ǫ0. This implies that different spherical harmonic modes
of h2 do not couple with each other within this homogeneous part. In addition, the final term
proportional to µ22 has only the ℓ = 0 mode. Therefore, the value of µ
2
2 can be obtained by solving
only the ℓ = 0 mode of Eq. (36).
Extracting the ℓ = 0 mode from Eq. (36), we obtain
− µ20hab2,0 + (L0h2,0)ab +
[
(L1h1)ab + (L2h0)ab
]
ℓ=0
− µ22hab0 = 0 , (42)
where
hab2,0(r) :=
[
hab2 (r)
]
ℓ=0
, (43)
which can be expressed as
hab2,0 =


hvv2 (r) h
vr
2 (r) 0 0
hvr2 (r) h
rr
2 (r) 0 0
0 0 hθθ2 (r) 0
0 0 0
hθθ2 (r)
sin2 θ


. (44)
We also extract the ℓ = 0 mode from the gauge conditions,
[∇ahab]l=0 = 0 , (h2,0)aa = 0 . (45)
Here in analogy with the case of order ǫ0, we introduce the following master variable:
H2− :=
(
1− r+
r
)
hvv2 − 2hvr2 . (46)
9Then we obtain the master equation,
H ′′2− =
(
3µ20r
2 + 2
µ20r
3 + 2r − 2r+
+
1
r+ − r −
4
r
)
H ′2−
+
µ20r
(
µ20r
3 + 4r − 8r+
)
(r − r+)
(
µ20r
3 + 2r − 2r+
)H2− + S2 ; (47)
S2 =
4µ20rr
2
+
µ20r
3 + 2r − 2r+
f ′ +
4µ20r
2
+(2r − r+)
(r − r+)
(
µ20r
3 + 2r − 2r+
)f
+
1
3r4(r − r+)2(µ20r3 + 2r − 2r+)2
(
r+
[
−3µ40r8(r − r+)(3r + r+)
+µ20r
3(18r5 + 4r4r+ − 73r3r2+ + 14r2r3+ + 31rr4+ − 12r5+)
+4r+(r − r+)(19r4 − 33r3r+ − 3r2r2+ + 17rr3+ − 6r4+)
]
+ 6µ22r
6(2r − 3r+)(r − r+)2
)
H ′−
+
1
3r4(r − r+)2(µ20r3 + 2r − 2r+)2
(
3µ22r
5(r − r+)
[
−4rr+(µ20r2 + 6)
+r2(µ40r
4 + 4µ20r
2 + 8) + 16r2+
]
+ r+
[
2r5+(3µ
2
0r
2 − 44) + rr4+(−3µ40r4 + 44µ20r2 + 208)
−2r2r3+(2µ40r4 + 35µ20r2 − 24) + r4r+(−2µ60r6 + 23µ40r4 + 84µ20r2 + 200)
+3r5(µ60r
6 − 8µ40r4 − 16µ20r2 − 16)− r3r2+(µ60r6 − 26µ40r4 + 88µ20r2 + 320)
])
H− .
Explicit expressions for the metric components in terms of H2− are given in Appendix B 3.
3. Asymptotic behavior
In order to solve the master equations, we need to specify the boundary conditions. In the limit
r →∞, Eq. (39) can be approximated as
H ′′− +
2
r
H ′− − µ20H− = 0 . (48)
Hence the general solution at r →∞ is given by
H− = C1
e−µ0r
r
+C2
eµ0r
r
, (49)
where we may assume µ0 > 0 without loss of generality. Then the regularity requires C2 = 0.
Thus H− decays exponentially at infinity, and so do all the components of the metric at order
ǫ0. At order ǫ, the homogeneous solution of the master equation is found to have the similar
asymptotic behavior. Since the source term is given in terms of H− and H
′
−, this implies that the
master variable f(r), and hence all the components of the metric perturbation at order ǫ also decay
exponentially at infinity. The same is true for the master equation at order ǫ2 since it has the same
form as the master equation at order ǫ0. Thus all the components of the metric perturbations to
order ǫ2 must decay exponentially at the infinity.
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4. Near the horizon
From the regularity at the horizon, we find H− = O((r − r+)0), f = O((r − r+)0) and H2− =
O((r − r+)0). Expanding the zeroth and first order master equations near the horizon, we obtain
the following asymptotic solutions for H− and f :
H− = α
(
1 +
(
µ20r+ −
4
r+
)
(r − r+) +
(
µ40r
2
+
4
− 2µ20 +
8
r2+
)
(r − r+)2
)
+O((r − r+)3), (50)
f = β − (r − r+)
(−6βµ20r3+ + 12βr+ + µ40r4+ − 19µ20r2+ + 94)
12r2+
+O ((r − r+)2) , (51)
where α and β are constants to be determined. Without loss of generality, we may set α = 1
because Eq. (39) is a homogeneous linear equation. The eigenvalue µ20 is determined so that H−
decays exponentially at infinity, and the constant β is determined so that f decays exponentially
at infinity.
Since the zeroth order equation (39) and the second order equation (47) have the same form
except for the presence of the source term S2 for the latter, one can add the zeroth order solution
H− to any particular solution H2− of Eq. (47). Using this freedom, we can set H2−(r+) = 0 by
adding a term proportional to H− appropriately. Then expanding Eq. (47) near the horizon, we
find
H2− = (r − r+)
(
4β + r+
(
µ20
3
+ µ22
)
− 7
r+
)
+O ((r − r+)2) . (52)
As before, the value of µ22 is determined so that H2− exponentially decays at infinity.
B. Ω 6= 0 case
In the Ω 6= 0 case if we would use the same master variables as those in the Ω = 0 case, we
would suffer from 0/0 terms in the master equations at order ǫ0 and ǫ2, as pointed out in Ref. [2].
To avoid numerical errors due to these 0/0 terms, as in Ref. [2], we rewrite each master equation
at order ǫ0 and ǫ2 as two coupled first-order differential equations by introducing an additional
variable.
At order ǫ0, we define a function H as
H := −hvr0 +
1
1− r+r
hrr0 . (53)
11
Then, we obtain the following equations for H− and H:
H ′− =
(
µ40r
3 + 2µ20(r − r+)− 4Ω2r
)
Ω
(
µ20r
3 + r+
) H
+
(
µ20r
3(3r+ − 2r(Ωr + 1)) + 4Ω2r4 − 2rr+(Ωr + 3) + 6r2+
)
2r(r − r+)
(
µ20r
3 + r+
) H− , (54)
H ′ =
Ωr
(
4µ20r
3(r − r+) + 4Ω2r4 − r2+
)
4(r − r+)2
(
µ20r
3 + r+
) H−
−
(
µ20r
3(2r(Ωr + 1) + r+) + 4Ω
2r4 + 2rr+(Ωr + 2)− 2r2+
)
2r(r − r+)
(
µ20r
3 + r+
) H . (55)
These equations are free from 0/0 terms. The components of the metric perturbation are expressed
in terms of H− and H as shown in Appendix C.
At order ǫ1, we can use the same master variable as the one in the Ω = 0 case, f := hvχ1 . It
satisfies
f ′′ =
(
µ20
µ20r + 4Ω
+
2(Ωr + 1)
r+ − r
− 3
r
)
f ′ +
µ40r
4 − 2µ20rr+ − 24Ω2r2 − 12Ωr+
r2(r − r+)
(
µ20r + 4Ω
) f
+AH(r; r+, µ0,Ω)H +AH−(r; r+, µ0,Ω)H− , (56)
where explicit expressions of AH(r; r+, µ0,Ω) and AH−(r; r+, µ0,Ω) are given in Appendix C. The
other component hrχ1 of the metric perturbation is also expressed in terms of f in Appendix C.
At order ǫ2, we define H2 as
H2 := −hvr2 +
1
1− r+r
hrr2 . (57)
Then, we can derive
H ′2− =
(4Ω2r4 + µ20(3r+ − 2r(Ωr + 1))r3 − 2(Ωr + 3)r+r + 6r2+)
2r(r − r+)(µ20r3 + r+)
H2−
+
(r3µ40 + 2(r − r+)µ20 − 4Ω2r)
Ω(µ20r
3 + r+)
H2
+
4(rµ20 + 2Ω)(r − r+)r2+
r(rµ20 + 4Ω)(µ
2
0r
3 + r+)
f ′ +
(8r(rµ20 +Ω(µ
2
0r
2 + 2Ωr + 4))r2+ − 4(rµ20 + 6Ω)r3+)
r2(rµ20 + 4Ω)(µ
2
0r
3 + r+)
f
+BH(r; r+, µ0, µ2,Ω)H +BH−(r; r+, µ0, µ2,Ω)H−, (58)
H ′2 =
Ωr(4Ω2r4 + 4µ20(r − r+)r3 − r2+)
4(r − r+)2(µ20r3 + r+)
H2−
−(4Ω
2r4 + µ20(2r(Ωr + 1) + r+)r
3 + 2(Ωr + 2)r+r − 2r2+)
2r(r − r+)(µ20r3 + r+)
H2
+
2Ω(2(rµ20 +Ω)r
2 + r+)r
2
+
r(rµ20 + 4Ω)(µ
2
0r
3 + r+)
f ′ +
2Ω(2(rµ20 + 2Ω(r(rµ
2
0 +Ω) + 2))r
3 − 4Ωr+r2 + r2+)r2+
r2(rµ20 + 4Ω)(r − r+)(µ20r3 + r+)
f
+CH(r; r+, µ0, µ2,Ω)H + CH−(r; r+, µ0, µ2,Ω)H− , (59)
where explicit expressions of BH(r; r+, µ0, µ2,Ω), BH−(r; r+, µ0, µ2,Ω), CH(r; r+, µ0, µ2,Ω) and
CH(r; r+, µ0, µ2,Ω) are given in Appendix C. The components of the metric perturbation are also
shown in Appendix C.
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At infinity, all these variables must exponentially decay. We can derive asymptotic solutions
near the horizon as in the Ω = 0 case. We describe these asymptotic solutions near the horizon in
Appendix C.
IV. RESULTS AND DISCUSSION
Since a second-order ordinary differential equation can be regarded as a set of two coupled
first-order differential equations, we have six coupled first-order ordinary differential equations for
each value of Ω. We have to determine the values of µ0, β and µ2 so that the metric perturbation
is regular at horizon and decays exponentially at infinity. It can be done numerically by a shooting
method. We have solved the ordinary differential equations from the horizon to infinity using the
4-th order Runge-Kutta method and searched for appropriate values of µ0, β and µ2 for each value
of Ω.
Here, we show the numerical results by fixing the mass parameter M of the Kerr black hole
at the 4-dimensional section, although the numerical integration is done by fixing the value of r+.
That is, we plot ΩM as a function of µM , where µ =
√
µ20 + µ
2
2ǫ
2, in Fig. 1, where
ΩM = ΩMˆ(1 + ǫ2) , (60)
µM =
√
µ20 + µ
2
2ǫ
2Mˆ(1 + ǫ2) = µ0Mˆ
(
1 +
(
1 +
1
2
µ22
µ20
)
ǫ2
)
+O(ǫ3) . (61)
It is clear from the figure that both the critical wavelength and the growth time-scale of the
instability become shorter as the rotation is increased. In other words, rotation makes the black
string system more unstable. This result is consistent with previous works in similar situations as
listed in Sec. I.
Although our results are consistent with all the previous results, an intuitive understanding
of our results seems rather unclear. If we fix the mass parameter of the Kerr black hole in the
4-dimensional section, the horizon area decreases as the angular momentum is increased. In this
sense, the typical time-scale or length-scale becomes shorter. This is consistent with our and
previous results, and this was in fact what we obtained from thermodynamic arguments. However,
in contrast, if we focus on the surface gravity, it decreases as the angular momentum is increased.
In this respect, the typical time-scale or length-scale may become longer. Actually, when we add a
charge to a neutral black brane solution, it is known that the GL instability gets weaker [2]. This
is totally opposite to the behavior we obtained. Apparently we need a better physical picture of
the GL instability with rotation.
Acknowledgements
We thank T. Tanaka, G. Kang for helpful discussions and comments. We made much progress
during the APCTP Joint Focus Program: Frontiers of Black Hole Physics (December 2010). We
would like to thank all the participants of this workshop for fruitful discussions. C.Y. is supported
by JSPS Grant-in-Aid for Creative Scientific Research No. 19GS0219 and JSPS Grant-in-Aid for
13
 0
 0.01
 0.02
 0.03
 0.04
 0.05
 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45  0.5
Ω
M
µM
ε=0   
ε=0.2
FIG. 1: The growth rate of the GL instability Ω as a function of the eigenvalue µ(=
√
µ2
0
+ ǫ2µ2
2
). Plotted
are the case of ǫ = 0(no rotation) and ǫ = 0.2.
Scientific Research (C) No. 21540276. This work was also supported in part by Korea Institute
for Advanced Study under the KIAS Scholar program, by the Grant-in-Aid for the Global COE
Program “The Next Generation of Physics, Spun from Universality and Emergence” from the
Ministry of Education, Culture, Sports, Science and Technology (MEXT) of Japan, by JSPS
Grant-in-Aid for Scientific Research (A) No. 21244033, and by JSPS Grant-in-Aid for Creative
Scientific Research No. 19GS0219.
Appendix A: Spherical Harmonics
Full expressions for the tensor spherical harmonics can be found in Refs. [16–18]. Here, we give
a minimum review necessary for the present work. We represent tensors by using the components
of the coordinate system (v, r, θ, φ), where v is an advanced null coordinate. First, we introduce
the vector spherical harmonics. We decompose any covariant vector field v as
v =
∑
l,m
[Almalm +Blmblm + Clmclm +Dlmdlm] , (A1)
14
where A, B, C, D are the coefficients for bases a, b, c, d given by
alm = −i(Ylm,−Ylm, 0, 0) , (A2)
blm = (0, Ylm, 0, 0) , (A3)
clm =
1√
l(l + 1)
(0, 0, ∂θYlm, ∂φYlm) , (A4)
dlm =
1√
l(l + 1)
(0, 0,
1
sin θ
∂φYlm,− sin θ∂θYlm) . (A5)
These bases are orthonormal in the inner product
(v,u) :=
∫
ηabvaubdΩ, (A6)
where η is the Minkowski metric.
We focus on the l = m = 0 mode. In this case, we have the following two non-zero bases:
a := a00 =
−i
2
√
π
(1, − 1, 0, 0) , b := b00 = 1
2
√
π
(0, 1, 0, 0). (A7)
Thus, we can extract the l = m = 0 mode from a covariant vector v as
[v]l=0 = (a,v)a+ (b,v)b. (A8)
In the same way as in the vector spherical harmonics, we can decompose a rank-2 covariant
tensor v as follows:
v =
∑
l,m
[
Almalm +Blmblm + Clmclm +Dlmdlm + Elmelm + Flmflm
+Glmglm +Hlmhlm + Ilmilm + Jlmjlm
]
, (A9)
where a, b, c, d, e, f , g, h, i, j are bases of the tensor spherical harmonics and
A, B, C, · · · , I, J are the coefficients for these bases. Explicit forms of the bases are
given in Ref. [18]. These bases are orthogonal in the inner product
< v, u >:=
∫
ηacηbdvabucddΩ. (A10)
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For m = l = 0, we have the following four non-zero bases:
a := a0,0 =
1
2
√
π


1 −1 0 0
−1 1 0 0
0 0 0 0
0 0 0 0


, (A11)
b := b0,0 =
i
2
√
2π


0 −1 0 0
−1 2 0 0
0 0 0 0
0 0 0 0


, (A12)
c := c0,0 =
1
2
√
π


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


, (A13)
d := d0,0 =
r2
2
√
2π


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 sin2 θ


. (A14)
We can extract the l = m = 0 mode from v as
[v]l=0 =< a,v > a+ < b,v > b+ < c,v > c+ < d,v > d. (A15)
Appendix B: metric perturbation for Ω = 0
Here we give explicit expressions for the components of the metric perturbation at each order
of ǫ in the case Ω = 0. For notational simplicity, ǫ is set to unity in the following expressions.
1. Metric perturbation at order ǫ0
hvv0 =
r2(2r − 3r+)
(r − r+)
(
µ20r
3 + 2r − 2r+
)H ′− + r
(
µ20r
3 + 4r − 8r+
)
(r − r+)
(
µ20r
3 + 2r − 2r+
)H− , (B1)
hvr0 =
r(2r − 3r+)
2µ20r
3 + 4r − 4r+
H ′− +
r − 3r+
µ20r
3 + 2r − 2r+
H− , (B2)
hrr0 =
(2r − 3r+)(r − r+)
2µ20r
3 + 4r − 4r+
H ′− +
(r − 3r+)(r − r+)
r
(
µ20r
3 + 2r − 2r+
)H− , (B3)
hθθ0 =
1
2r2
H− . (B4)
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2. Metric perturbation at order ǫ1
hrχ1 =
r+(2r − 3r+)
2µ20r
4 + 4r2 − 4rr+
H ′− +
r+(r − 3r+)
r2
(
µ20r
3 + 2r − 2r+
)H−. (B5)
3. Metric perturbation at order ǫ2
hrr2 =
(2r − 3r+)(r − r+)
2µ20r
3 + 4r − 4r+
H ′2− +
(r − 3r+)(r − r+)
r
(
µ20r
3 + 2r − 2r+
)H2−
+
2r2+(r − r+)2
r
(
µ20r
3 + 2r − 2r+
)hvχ1 ′ + 2r2+(r − r+)(2r − r+)r2 (µ20r3 + 2r − 2r+) h
vχ
1
+
(
r+
(
−21µ20r7 + 31µ20r6r+ + 2r5(µ20r2+ − 3) +
r4r+(40 − 9µ20r2+)− r3r2+(3µ20r2+ + 59) + 4r2r3+ + 9rr4+ + 6r5+
)
−3µ22r6(2r − 3r+)(r − r+)
)
H ′−
6r3(µ20r
3 + 2r − 2r+)2
+
(
r+
(
−36µ20r7 + 79µ20r6r+ − 4r5(4µ20r2+ + 9)
+8r4r+(14− 3µ20r2+) + r3r2+(3µ20r2+ − 176) + 34r2r3+ + 48rr4+ − 6r5+
)
−6µ22r6(r − 3r+)(r − r+)
)
H−
6r4(µ20r
3 + 2r − 2r+)2
, (B6)
hvv2 =
r2(2r − 3r+)
(r − r+)
(
µ20r
3 + 2r − 2r+
)H ′2− + r
(
µ20r
3 + 4r − 8r+
)
(r − r+)
(
µ20r
3 + 2r − 2r+
)H2−
+
4rr2+
µ20r
3 + 2r − 2r+
hvχ1
′
+
4r2+(2r − r+)
(r − r+)
(
µ20r
3 + 2r − 2r+
)hvχ1
+
(
r+
(
−15µ20r7 − 3rr4+(µ20r2 + 3)
+2r4r+(11µ
2
0r
2 + 5)− r3r2+(4µ20r2 + 53) + 6r5 + 34r2r3+ + 6r5+
)
−3µ22r6(2r − 3r+)(r − r+)
)
H ′−
3r(r − r+)2(µ20r3 + 2r − 2r+)2
+
(
r+
(
3rr4+(µ
2
0r
2 + 4) + 2r2r3+(41 − 3µ20r2)
−6r5(5µ20r2 + 4) + r4r+(61µ20r2 + 64)− 2r3r2+(11µ20r2 + 76) − 6r5+
)
−6µ22r6(r − 3r+)(r − r+)
)
H−
3r2(r − r+)2(µ20r3 + 2r − 2r+)2
, (B7)
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hvr2 =
r(2r − 3r+)
2µ20r
3 + 4r − 4r+
H ′2− +
(r − 3r+)
µ20r
3 + 2r − 2r+
H2−
+
2r2+(r − r+)
µ20r
3 + 2r − 2r+
hvχ1
′
+
2r2+(2r − r+)
µ20r
4 + 2r2 − 2rr+
hvχ1
+
(
r+
(
−15µ20r7 − 3rr4+(µ20r2 + 3) + 2r4r+(11µ20r2 + 5)− r3r2+(4µ20r2 + 53) + 6r5
+34r2r3+ + 6r
5
+
)
− 3µ22r6(2r − 3r+)(r − r+)
)
H ′−
6r2(r − r+)(µ20r3 + 2r − 2r+)2
+
(
r+
(
3rr4+(µ
2
0r
2 + 4) + 2r2r3+(41 − 3µ20r2)
−6r5(5µ20r2 + 4) + r4r+(61µ20r2 + 64)− 2r3r2+(11µ20r2 + 76) − 6r5+
)
−6µ22r6(r − 3r+)(r − r+)
)
H−
6r3(r − r+)(µ20r3 + 2r − 2r+)2
, (B8)
hθθ2 =
1
2r2
H2− +
2r2+
3r3
hvχ1 −
r+(2r − 3r+)(3r2 − 2rr+ + r2+)
6r3(r − r+)(µ20r3 + 2r − 2r+)
H ′−
+r+
(
−3µ20r6 − 2µ20r5r+ + 2r4
(
µ20r
2
+ − 6
)
+ r3r+(µ
2
0r
2
+ + 24)
−6r2r2+ + 4rr3+ − 2r4+
) H−
6r5(r − r+)
(
µ20r
3 + 2r − 2r+
) . (B9)
Appendix C: expressions for Ω 6= 0
1. Metric perturbation at order ǫ0
hvv0 =
r
(
2µ20r
3(r − r+) + 4Ω2r4 + r+(r+ − 2r)
)
2(r − r+)2
(
µ20r
3 + r+
) H−
− r
(
µ20r(2r(Ωr − 1) + 3r+) + 2Ω
(
2Ωr2 + r+
))
Ω(r − r+)
(
µ20r
3 + r+
) H, (C1)
hvr0 =
4Ω2r4 + r+(3r+ − 4r)
4(r − r+)(µ20r3 + r+)
H− − µ
2
0r(2r(Ωr − 1) + 3r+) + 2Ω(2Ωr2 + r+)
2Ω(µ20r
3 + r+)
H, (C2)
hrr0 =
(r − r+)
(
µ20(2r − 3r+)− 4Ω2r
)
2Ω
(
µ20r
3 + r+
) H +
(
4Ω2r4 − 4rr+ + 3r2+
)
4µ20r
4 + 4rr+
H−, (C3)
hθθ0 =
1
2r2
H− . (C4)
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2. Metric perturbation at order ǫ1
hrχ1 =
r+
2Ωr2(r − r+)(µ20r + 4Ω)(µ20r3 + r+)
(
µ40r
2(2r − 3r+)(r − r+)
+2µ20Ω
(
2Ωr4 + r+
(−4r2 + 8rr+ − 3r2+))+ 4Ω2r+(2Ωr + 1)(2r − r+)
)
H
+
r+
4r3(r − r+)2
(
µ20r + 4Ω
) (
µ20r
3 + r+
)
(
µ20r
2(r − r+)(4Ωr3 − 6Ωrr2+ − 4rr+ + 3r2+)
+2Ωr+
(
−2r3(Ωr(4Ωr + 1)− 1)+ 2r2r+(Ωr(2Ωr + 1) + 3) − 13rr2+ + 6r3+)
)
H−
+
Ω(r+ − r)
µ20r + 4Ω
hvχ1
′ − Ω
(
2Ωr2 + r+
)
r
(
µ20r + 4Ω
) hvχ1 . (C5)
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3. Metric perturbation at order ǫ2
hrr2 =
2(r − r+)
(
2r
(
rµ20 +Ω(µ
2
0r
2 + 2Ωr + 4)
) − (rµ20 + 6Ω)r+)r2+
r2(rµ20 + 4Ω)(µ
2
0r
3 + r+)
hvχ1
+
2(rµ20 + 2Ω)(r − r+)2r2+
r(rµ20 + 4Ω)(µ
2
0r
3 + r+)
hvχ1
′
+
4Ω2r4 − 4r+r + 3r2+
4µ20r
4 + 4r+r
H2− −
(r − r+)
(
(3r+ − 2r)µ20 + 4Ω2r
)
2Ω
(
µ20r
3 + r+
) H2
− 1
24Ωr4(rµ20 + 4Ω)(r − r+)(µ20r3 + r+)2
(
6µ22Ω(rµ
2
0 + 4Ω)(r − r+)
(
4Ω2r4 + r+(3r+ − 4r)
)
r6
+r+
[
r3(r − r+)
(
24Ω
(
Ωr(Ωr − 1) + 1)r5 + 4(Ωr(Ωr(2Ωr + 3)− 15) + 6)r+r3
−2(Ωr(6Ωr − 17) + 15)r2+r2 − 3(2Ωr + 9)r3+r + 3(9− 16Ωr)r4+)µ40
+Ωr
(
24Ω(Ωr(2Ωr(Ωr + 3)− 3) + 4)r7 + 16(Ωr(Ωr(2Ωr(Ωr − 2) + 3)− 24) + 6)r+r5
+2(2Ωr(4Ωr(Ωr(Ωr − 5)− 8) + 79)− 105)r2+r4 − 4(Ωr(19Ωr + 16) − 42)r3+r3
+3(4Ωr(7Ωr − 1) + 39)r4+r2 + 3(16Ωr − 81)r5+r + 102r6+
)
µ20 + 4Ω
2(24Ω2(2Ωr(Ωr + 1) + 1)r8
+16Ω(2Ω3r3 − 6Ωr − 3)r+r6 + 2(2Ωr(4Ωr(Ωr(Ωr − 3)− 2) + 9) + 3)r2+r4
+4(Ωr(6− 7Ωr) + 9)r3+r3 + 3(2Ωr − 1)(6Ωr + 1)r4+r2 − 51r5+r + 30r6+)
])
H−
+
1
12Ω2r3(rµ20 + 4Ω)(µ
2
0r
3 + r+)2
(
6µ22Ω(rµ
2
0 + 4Ω)(r − r+)
(
4Ω2r4 + (2r − 3r+)r+
)
r3
+r+
[
−3r3(r − r+)
(
10Ωr4 − 2(Ωr+ + 2)r3 + 2r+(4− 3Ωr+)r2 + r2+(3− 2Ωr+)r − 9r3+
)
µ60
+Ωr
(
12(2Ω3r3 − 14Ωr + 3)r5 + 4(Ωr(Ωr(6Ωr + 5) + 48) − 30)r+r4
+2(Ωr(2Ωr + 21) + 50)r2+r
3 + (83 − 102Ωr)r3+r2 − 3(8Ωr + 59)r4+r + 48r5+
)
µ40
+2Ω2
(
12(Ωr(2Ωr(3Ωr + 1)− 7)− 2)r5 + 4(Ωr(Ωr(16Ωr + 13) + 18) + 12)r+r4
+2
(
Ωr(2Ωr(2Ωr − 1) + 13)− 14)r2+r3 − (176Ωr + 5)r3+r2 + 3(10Ωr − 27)r4+r + 24r5+)µ20
+8Ω3
(
12Ω(2Ωr(Ωr + 1) + 1)r5 + 4Ω(Ωr(4Ωr + 3)− 6)r+r4
+2
(
Ωr(2Ωr(2Ωr − 3)− 5)− 6)r2+r2 − (20Ωr + 3)r3+r + 3(2Ωr − 1)r4+)
])
H, (C6)
20
hvv2 =
4r(rµ20 + 2Ω)r
2
+
(rµ20 + 4Ω)(µ
2
0r
3 + r+)
hvχ1
′
+
8r(rµ20 +Ω(µ
2
0r
2 + 2Ωr + 4))r2+ − 4(rµ20 + 6Ω)r3+
(rµ20 + 4Ω)(r − r+)(µ20r3 + r+)
hvχ1
+
r(4Ω2r4 + 2µ20(r − r+)r3 + r+(r+ − 2r))
2(r − r+)2(µ20r3 + r+)
H2−
+
r
r − r+
(
r(µ20(2r − 3r+)− 4Ω2r)
Ω(µ20r
3 + r+)
− 2
)
H2
− 1
12Ωr2(rµ20 + 4Ω)(r − r+)3(µ20r3 + r+)2
×
(
6µ22Ω(rµ
2
0 + 4Ω)(r − r+)(4Ω2r4 + r+(3r+ − 4r))r6
+r+
[
r3(r − r+)
(
24Ω(Ωr(Ωr − 1) + 1)r5 + 4(Ωr(Ωr(2Ωr + 3)− 15) + 6)r+r3
−2(Ωr(6Ωr − 17) + 15)r2+r2 − 3(2Ωr + 9)r3+r + 3(9 − 16Ωr)r4+
)
µ40
+Ωr(24Ω(Ωr(2Ωr(Ωr + 3)− 3) + 4)r7 + 16(Ωr(Ωr(2Ωr(Ωr − 2) + 3)− 24) + 6)r+r5
+2(2Ωr(4Ωr(Ωr(Ωr − 5)− 8) + 79)− 105)r2+r4 − 4(Ωr(19Ωr + 16) − 42)r3+r3
+3(4Ωr(7Ωr − 1) + 39)r4+r2 + 3(16Ωr − 81)r5+r + 102r6+)µ20 + 4Ω2(24Ω2(2Ωr(Ωr + 1) + 1)r8
+16Ω(2Ω3r3 − 6Ωr − 3)r+r6 + 2(2Ωr(4Ωr(Ωr(Ωr − 3)− 2) + 9) + 3)r2+r4
+4(Ωr(6− 7Ωr) + 9)r3+r3 + 3(2Ωr − 1)(6Ωr + 1)r4+r2 − 51r5+r + 30r6+)
])
H−
+
1
6Ω2r(rµ20 + 4Ω)(r − r+)2(µ20r3 + r+)2
×
(
6µ22Ω(rµ
2
0 + 4Ω)(r − r+)(4Ω2r4 + (2r − 3r+)r+)r3
+r+(−3r3(r − r+)(10Ωr4 − 2(Ωr+ + 2)r3 + 2r+(4− 3Ωr+)r2 + r2+(3− 2Ωr+)r − 9r3+)µ60
+Ωr(12(2Ω3r3 − 14Ωr + 3)r5 + 4(Ωr(Ωr(6Ωr + 5) + 48) − 30)r+r4
+2(Ωr(2Ωr + 21) + 50)r2+r
3 + (83− 102Ωr)r3+r2 − 3(8Ωr + 59)r4+r + 48r5+)µ40
+2Ω2(12(Ωr(2Ωr(3Ωr + 1)− 7)− 2)r5 + 4(Ωr(Ωr(16Ωr + 13) + 18) + 12)r+r4
+2(Ωr(2Ωr(2Ωr − 1) + 13) − 14)r2+r3 − (176Ωr + 5)r3+r2 + 3(10Ωr − 27)r4+r + 24r5+)µ20
+8Ω3(12Ω(2Ωr(Ωr + 1) + 1)r5 + 4Ω(Ωr(4Ωr + 3)− 6)r+r4
+2(Ωr(2Ωr(2Ωr − 3)− 5)− 6)r2+r2 − (20Ωr + 3)r3+r + 3(2Ωr − 1)r4+))
)
H, (C7)
21
hvr2 =
2(rµ20 + 2Ω)(r − r+)r2+
(rµ20 + 4Ω)(µ
2
0r
3 + r+)
hvχ1
′
+
4r(rµ20 +Ω(µ
2
0r
2 + 2Ωr + 4))r2+ − 2(rµ20 + 6Ω)r3+
r(rµ20 + 4Ω)(µ
2
0r
3 + r+)
hvχ1
+
1
2
(
r(µ20(2r − 3r+)− 4Ω2r)
Ω(µ20r
3 + r+)
− 2
)
H2 +
4Ω2r4 + r+(3r+ − 4r)
4(r − r+)(µ20r3 + r+)
H2−
− 1
24Ωr3(rµ20 + 4Ω)(r − r+)2(µ20r3 + r+)2
×
(
6µ22Ω(rµ
2
0 + 4Ω)(r − r+)(4Ω2r4 + r+(3r+ − 4r))r6
+r+
[
r3(r − r+)
(
24Ω(Ωr(Ωr − 1) + 1)r5 + 4(Ωr(Ωr(2Ωr + 3)− 15) + 6)r+r3
−2(Ωr(6Ωr − 17) + 15)r2+r2 − 3(2Ωr + 9)r3+r + 3(9− 16Ωr)r4+
)
µ40
+Ωr
(
24Ω(Ωr(2Ωr(Ωr + 3)− 3) + 4)r7 + 16(Ωr(Ωr(2Ωr(Ωr − 2) + 3)− 24) + 6)r+r5
+2(2Ωr(4Ωr(Ωr(Ωr − 5)− 8) + 79) − 105)r2+r4 − 4(Ωr(19Ωr + 16) − 42)r3+r3
+3(4Ωr(7Ωr − 1) + 39)r4+r2 + 3(16Ωr − 81)r5+r + 102r6+
)
µ20
+4Ω2
(
24Ω2(2Ωr(Ωr + 1) + 1)r8 + 16Ω(2Ω3r3 − 6Ωr − 3)r+r6
+2
(
2Ωr(4Ωr(Ωr(Ωr − 3)− 2) + 9) + 3)r2+r4 + 4(Ωr(6− 7Ωr) + 9)r3+r3
+3(2Ωr − 1)(6Ωr + 1)r4+r2 − 51r5+r + 30r6+
)])
H−
+
1
12Ω2r2(rµ20 + 4Ω)(r − r+)(µ20r3 + r+)2
×
(
6µ22Ω(rµ
2
0 + 4Ω)(r − r+)(4Ω2r4 + (2r − 3r+)r+)r3
+r+
[
−3r3(r − r+)
(
10Ωr4 − 2(Ωr+ + 2)r3
+2r+(4− 3Ωr+)r2 + r2+(3− 2Ωr+)r − 9r3+
)
µ60
+Ωr
(
12(2Ω3r3 − 14Ωr + 3)r5 + 4(Ωr(Ωr(6Ωr + 5) + 48)− 30)r+r4
+2(Ωr(2Ωr + 21) + 50)r2+r
3 + (83− 102Ωr)r3+r2 − 3(8Ωr + 59)r4+r + 48r5+
)
µ40
+2Ω2
(
12(Ωr(2Ωr(3Ωr + 1)− 7)− 2)r5 + 4(Ωr(Ωr(16Ωr + 13) + 18) + 12)r+r4
+2(Ωr(2Ωr(2Ωr − 1) + 13)− 14)r2+r3
−(176Ωr + 5)r3+r2 + 3(10Ωr − 27)r4+r + 24r5+
)
µ20
+8Ω3
(
12Ω(2Ωr(Ωr + 1) + 1)r5 + 4Ω(Ωr(4Ωr + 3)− 6)r+r4
+2(Ωr(2Ωr(2Ωr − 3)− 5)− 6)r2+r2 − (20Ωr + 3)r3+r + 3(2Ωr − 1)r4+
)])
H, (C8)
22
hθθ2 =
2Ωr+(r+ − r)
3r2(µ20r + 4Ω)
hvχ1
′
+
2r+(µ
2
0rr+ − 2Ω2r2 + 3Ωr+)
3r3(µ20r + 4Ω)
hvχ1 +
1
2r2
H2−
+
r+
6Ωr4(r − r+)(µ20r + 4Ω)(µ20r3 + r+)
×
(
µ40r
2
(
6r3(Ωr − 1)− 2rr2+(Ωr + 4) + 13r2r+ + 3r3+
)
+2µ20Ω
(
6r4(3Ωr − 2) + r3r+(4Ωr + 21)− 2r2r2+(3Ωr + 2) + 9rr3+ − 6r4+
)
+8Ω2
(
6Ωr4 − 2r3+(Ωr + 1) + 2rr2+(Ωr + 1) + 3r2r+
))
H
+
r+
12r5(r − r+)2(µ20r + 4Ω)(µ20r3 + r+)
×
(
−2µ40r4(r − r+)(r + r+)(3r2 − rr+ − r2+)
+µ20r
(
−12Ωr6(Ωr + 2) + 2r4r+(8Ωr + 3) + r3r2+(4Ωr(Ωr + 6)− 15) + 2r2r3+(9− 10Ωr)
+rr4+(4Ωr − 5)− 2r5+
)
+ 4Ω
(
−12Ω2r7 − r3r2+(2Ωr(2Ωr + 1) + 5)
+2r2r3+(Ωr(2Ωr + 1) + 5) + 6r
4r+ − 12rr4+ + 4r5+
))
H−. (C9)
4. AH , AH
−
, BH , BH
−
, CH and CH
−
AH(r; r+, µ0,Ω)
:=
r+
2Ωr3(r − r+)3
(
µ20r + 4Ω
) (
µ20r
3 + r+
)(µ60r4r+(r − 3r+)(r − r+)
+2µ40r
(−2r4(Ωr(Ωr + 1)− 3)− r3r+(Ωr(4Ωr + 1) + 6)
+2r2r2+(Ωr − 7)(Ωr + 1) + 9rr3+(Ωr + 2)− 6r4+
)
−8µ20Ω
(
r4(Ωr + 1)(3Ωr − 2) + r3r+(Ωr(6Ωr + 11)− 3)
+r2r2+(19− Ωr(3Ωr + 2)) − rr3+(Ωr + 14) + 3r4+
)
+16Ω2
(−2Ωr4(Ωr + 1)− 4Ωr3r+(Ωr + 2) + r3+(3− 2Ωr) + rr2+(2Ωr(Ωr + 3)− 5))), (C10)
23
AH−(r; r+, µ0,Ω) :=
r+
4r4(r − r+)4
(
µ20r + 4Ω
) (
µ20r
3 + r+
)(µ40r4(r − r+)(8Ωr4 − 2r3(Ωr+ + 8)
+2r2r+(3Ωr+ + 13) + 17rr
2
+ − 21r3+
)
+4µ20r
(
2Ωr6(Ωr − 1)(Ωr + 6) + r4r+(Ωr(Ωr(4Ωr + 1) + 34) − 10)
−2r3r2+(Ωr(Ωr(Ωr+ 3) + 8)− 6)− r2r3+(Ωr(Ωr + 19) − 10) + 2rr4+(6Ωr − 11) + 9r5+
)
+8Ω
(
4Ω2r7(Ωr + 1) + 2r4r+(Ωr(Ωr(4Ωr + 7)− 1)− 5)
−2r3r2+(Ωr + 1)(2Ωr(Ωr + 3)− 3) + 3r2r3+(2Ωr(Ωr + 2) + 7)
−rr4+(6Ωr + 31) + 12r5+
))
, (C11)
BH(r; r+, µ0, µ2,Ω) :=
1
6Ω2r3(rµ20 + 4Ω)(r − r+)(µ20r3 + r+)2
(6µ22Ω(rµ
2
0 + 4Ω)(r − r+)(µ40r6 + 4Ω2r4
+2µ20r+r
3 + 2(r − r+)r+)r3 + r+(r6(r − r+)(6(Ωr + 1)r2 + (2Ωr − 3)r+r − 9r2+)µ80
+r3(6(Ωr(2Ωr(Ωr + 2)− 1) + 2)r4 + 2(Ωr + 3)(2Ωr(2Ωr − 1)− 5)r+r3
+(Ωr(4Ωr(Ωr + 1) + 21) + 6)r2+r
2 + (43Ωr + 30)r3+r − 18(Ωr + 1)r4+)µ60
+4Ωr(3(8Ω3r3 − 14Ωr + 3)r5 + 4(Ωr(Ωr(5Ωr + 16) + 8)− 6)r+r4
+(2Ωr(Ωr(2Ωr + 11) + 30) + 9)r2+r
3 − 2(Ωr − 2)(Ωr + 6)r3+r2 − 6(3Ωr + 5)r4+r + 9r5+)µ40
+4Ω2r(6(Ωr(2Ωr(5Ωr + 1)− 7)− 2)r4 + 4(Ωr(2Ωr + 3)(7Ωr + 5) + 6)r+r3
+(Ωr(2Ωr + 9)(2Ωr + 11)− 36)r2+r2 + (42− Ωr(8Ωr + 87))r3+r + 12(Ωr − 2)r4+)µ20
+16Ω3(6Ω(2Ωr(Ωr + 1) + 1)r5
+4Ω(Ωr(2Ωr + 3)− 3)r+r4 +Ω(4Ω2r2 + 15)r2+r3 − 3(Ωr − 2)r3+r − 6r4+))), (C12)
BH−(r; r+, µ0, µ2,Ω) :=
1
12Ωr4(rµ20 + 4Ω)(r − r+)2(µ20r3 + r+)2
(r+(−3µ60(r − r+)(8Ω2(r + r+)r4
+2Ω(−3r3 + 3r+r2 + 3r2+r + r3+)r + (4r − 3r+)r+(r + r+))r6
+µ40(−24Ω(Ωr(Ωr(Ωr + 5)− 4) + 1)r6 − 4(Ωr(Ωr(Ωr(6Ωr + 13) + 54) − 18) + 6)r+r4
+2(Ωr(3Ωr(14Ωr + 5)− 31) + 21)r2+r3 + (Ωr(2Ωr(8Ωr + 39) + 57) + 6)r3+r2
+(Ωr(24Ωr − 1)− 42)r4+r + 6(3 − 4Ωr)r5+)r3 + 2µ20Ω(−12Ω(3Ωr(2Ωr(Ωr + 1)− 1) + 4)r7
−4(Ωr(Ωr(Ωr(16Ωr + 29) + 24) − 66) + 12)r+r5
−2(Ωr(Ωr(2Ωr(2Ωr + 3)− 21) + 86) − 45)r2+r4 + (Ωr(16Ωr(2Ωr + 7)− 27)− 50)r3+r3
+(Ωr(1− 34Ωr)− 50)r4+r2 + 2(12Ωr + 47)r5+r − 42r6+)r + 8Ω2(−12Ω2(2Ωr(Ωr + 1) + 1)r8
+4Ω(Ωr(12− Ωr(4Ωr + 3)) + 6)r+r6 − 2(Ωr(Ωr(2Ωr(2Ωr − 3) + 9) + 12) − 3)r2+r4
+(Ωr(4Ωr − 9)− 2)r3+r3 + (5Ωr(3− 2Ωr)− 14)r4+r2 + 16r5+r − 6r6+))
−6µ22Ωr6(rµ20 + 4Ω)(r − r+)(4Ω2r4 + r+(3r+ − 4r))), (C13)
24
CH(r; r+, µ0, µ2,Ω) :=
1
12Ωr3(rµ20 + 4Ω)(r − r+)2(µ20r3 + r+)2
(6µ22Ω(rµ
2
0 + 4Ω)(r − r+)(4Ω2r4 + (2r − 3r+)r+)r5
+r+(−r5(r − r+)(6(7Ωr − 4)r3 − 2(Ωr − 15)r+r2 + (51− 10Ωr)r2+r − 3(2Ωr + 21)r3+)µ60
+r2(12Ω(2Ω3r3 − 20Ωr + 7)r6 + 4(Ωr(Ωr(Ωr(6Ωr + 5) + 56) − 54) + 3)r+r4
+2(Ωr(Ωr(2Ωr + 1) + 34)− 9)r2+r3 + (Ωr(243− 70Ωr)− 36)r3+r2
+(78− Ωr(24Ωr + 353))r4+r + 12(10Ωr − 3)r5+)µ40 + 2Ω(12Ω(Ωr(2Ωr(3Ωr + 1)− 11)− 2)r7
+4(Ωr(Ωr(Ωr(16Ωr + 13) + 18) − 3) + 6)r+r5
+2(Ωr(Ωr(2Ωr(2Ωr − 1) + 37) + 2)− 21)r2+r4 − (Ωr(272Ωr + 81) + 20)r3+r3
+(Ωr(78Ωr − 25) + 82)r4+r2 + 4(6Ωr − 23)r5+r + 36r6+)µ20 + 8Ω2(12Ω2(2Ωr(Ωr + 1) + 1)r7
+4Ω(Ωr(Ωr(4Ωr + 3)− 6)− 3)r+r5 + 2(Ωr(Ωr(2Ωr(2Ωr − 3)− 5)− 6)− 3)r2+r3
+(Ωr(9− 20Ωr) + 4)r3+r2 + (3Ωr(2Ωr − 9)− 14)r4+r + 2(6Ωr + 5)r5+))), (C14)
CH−(r; r+, µ0, µ2,Ω) :=
1
24r4(rµ20 + 4Ω)(r − r+)3(µ20r3 + r+)2
(r+(−12µ60(2r − 3r+)(r − r+)2(r + r+)r8
−µ40(r − r+)(24Ω(Ωr(Ωr − 2) + 5)r5 + 4(Ωr(Ωr(2Ωr − 3)− 51) + 24)r+r3
−2(Ωr(6Ωr + 7) + 48)r2+r2 + 3(46Ωr − 47)r3+r + 15(9 − 8Ωr)r4+)r5
+µ20(−24Ω2(Ωr + 4)(2Ωr(Ωr − 1) + 1)r8 − 8Ω(Ωr(2Ωr(2Ωr(Ωr − 2) + 3)− 51) + 48)r+r6
+2(Ωr(2Ωr(4Ωr(Ωr(5− Ωr) + 2) − 79) + 381) − 24)r2+r4
+2(2Ωr(Ωr(67Ωr + 22)− 66) + 39)r3+r3 − 3(3Ωr(4Ωr(5Ωr + 1) + 85)− 20)r4+r2
−3(Ωr(16Ωr − 305) + 54)r5+r + 6(12 − 53Ωr)r6+)r2 + 4Ω(−24Ω3(2Ωr(Ωr + 1) + 1)r10
+8Ω2(−4Ω3r3 + 12Ωr + 9)r+r8 − 2(Ωr(2Ωr(4Ωr(Ωr(Ωr − 3)− 2) + 9) + 3) + 24)r2+r5
+3Ω(4Ωr(5− 3Ωr) + 5)r4+r4 + 2(2Ωr(Ωr(7Ωr − 12)− 9) + 39)r3+r4
−3(Ωr(8Ωr − 13) + 38)r5+r2 + 6(19 − 5Ωr)r6+r − 36r7+))
−6µ22Ωr8(rµ20 + 4Ω)(r − r+)(4Ω2r4 + r+(3r+ − 4r))). (C15)
5. Expansion of master variables near horizon for Ω 6= 0
H =
Ωr+(2Ωr+ − 1)
(r − r+)
(
2µ20r+ + 4Ω
) + µ20Ωr2+ +Ω
2µ20r+ + 4Ω
−Ω(r − r+)
(−2Ωr+ (µ40r4+ − 7)− 3µ40r4+ + 8µ20r2+ + 4Ω2r2+ + 4)
8r+(Ωr+ + 1)(2Ωr+ + 1)
(
µ20r+ + 2Ω
) +O((r − r+)2), (C16)
H− = 1 +
(r − r+)
(
µ40r
3
+ − 4µ20r+ − 8Ω2r+ − 6Ω
)
r+(2Ωr+ + 1)
(
µ20r+ + 2Ω
)
+
(r − r+)2
4r2+(Ωr+ + 1)(2Ωr+ + 1)
(
µ20r+ + 2Ω
)(Ω2 (108r+ − 8µ20r3+)+Ω (−2µ40r4+ + 34µ20r2+ + 48)
+µ20r+
(
µ40r
4
+ − 8µ20r2+ + 32
)
+ 48Ω3r2+) +O((r − r+)2), (C17)
25
hvχ1 = β +
(r − r+)
4r2+(Ωr+ + 1)
2(2Ωr+ + 1)(2Ωr+ + 3)(µ
2
0r+ + 2Ω)(µ
2
0r+ + 4Ω)
(8βµ60Ω
3r8+ − 4Ωr+(4Ω(9β + 70Ω) + 109µ20)− 2r2+(2µ20Ω(24β + 209Ω)
+8Ω3(51β + 58Ω) + 47µ40) + 8βµ
4
0Ω
2r7+(3µ
2
0 + 2Ω
2)− 2r3+(β(6µ40 + 248µ20Ω2 + 816Ω4)
+53µ40Ω+ 210µ
2
0Ω
3 + 112Ω5) + µ20r
6
+(2µ
4
0Ω(11β + 5Ω) + 8µ
2
0Ω
3(4β +Ω)− 192βΩ5 − µ60)
+r4+(−2µ40Ω(16β + 3Ω)− 24µ20Ω3(38β + 3Ω) + 64Ω5(Ω− 21β) + 19µ60)
+r5+(β(6µ
6
0 − 4µ40Ω2 − 704µ20Ω4 − 384Ω6) + 19µ60Ω+ 24µ40Ω3 + 32µ20Ω5)− 408Ω2)
+O((r − r+)2), (C18)
H2− =
(r − r+)
3r+(Ωr+ + 1)(2Ωr+ + 1)2(µ
2
0r+ + 2Ω)
2(µ20r+ + 4Ω)
(µ60r
3
+(12βr+ + µ
2
0r
2
+ + 3µ
2
2r
2
+ − 21)− 8Ω5r2+(−24βr+(3µ20r2+ + 4) + 2µ40r4+ − 21µ20r2+
−24µ22r2+ − 62) − 4Ω4r+(−24βr+(3µ40r4+ + 12µ20r2+ + 5) + µ60r6+ + 6µ40r4+
−µ20r2+(36µ22r2+ + 125) − 60µ22r2+ − 64) + 2Ω3(24βr+(µ60r6+ + 12µ40r4+ + 15µ20r2+ + 2)
−13µ60r6+ + µ40(24µ22r6+ + 22r4+) + 6µ20r2+(17µ22r2+ + 22) + 12µ22r2+ − 8)
+µ20Ωr
2
+(µ
4
0r
2
+(60βr+ + 9µ
2
2r
2
+ − 19) + 8µ20(9βr+ + 3µ22r2+ − 11) − 6µ60r4+ − 6µ22)
+2Ω2r+(µ
6
0r
4
+(48βr+ + 3µ
2
2r
2
+ − 25) + 3µ40r2+(60βr+ + 12µ22r2+ + 5)
+µ20(72βr+ + 27µ
2
2r
2
+ − 52) − 2µ80r6+ − 12µ22) + 32Ω6r3+(12βr+ + 7))
+O((r − r+)2), (C19)
H2 =
Ωr+(Ω(4µ
2
0r
2
+ − 6µ22r2+ + 6) + r+(4µ20 + 3µ22) + 4Ω3r2+ + 10Ω2r+)
6(r − r+)(µ20r+ + 2Ω)2
+
1
6(Ωr+ + 1)(µ20r+ + 2Ω)
2(µ20r+ + 4Ω)
(6Ω4r+(8βr+(2µ
2
0r
2
+ + 3)− 5µ20r2+ + 4µ22r2+ − 40)
+3µ20Ωr
2
+(4βµ
2
0r+ − µ22)− 4Ω5r2+(−24βr+ + µ20r2+ + 18)
+2Ω3(12βr+(µ
4
0r
4
+ + 6µ
2
0r
2
+ + 2) + 3µ
2
0r
2
+(µ
2
2r
2
+ − 40) + 6µ22r2+ − 56)
+Ω2r+(12µ
4
0r
2
+(3βr+ − 5) + µ20(48βr+ + 3µ22r2+ − 82)− 12µ22)
+6µ60r
3
+ − 16Ω6r3+) +O(r − r+). (C20)
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